for all n and all z. The least such integer M is called the index of f(z).
Although functions of bounded index have been the object of a number of recent investigations (cf: [3] , [5] , [6] , [7] - [9] ), little is known about their properties, and most of the following natural questions seem to require further study.
I. What are the growth properties of functions of bounded index:
( a ) can they increase arbitrarily rapidly, (b) can they increase arbitrarily slowly, (c) is it possible to derive the boundedness (or the unboundedness) of the index from the asymptotic properties of the logarithm of the maximum modulus of f(z), i.e., logikf(r, /)?
II. Classes of functions of bounded index:
(a) find classes of functions of bounded index, (b) is the sum (or product) of two functions of bounded index also of bounded index?
Question I(a) was settled by Shah [8] who proved that the growth of functions of bounded index is at most of the exponential type of order one. (See also Lepson [6] .) Shah [8] and Lepson [6] have constructed functions of arbitrarily slow growth and of unbounded index.
In the present note we derive a simple answer to Question I(b) from the consideration of Functions with widely spaced zeros. Let f(z) be an entire function of genus zero, and let {aj}J =1 be the sequence of its zeros. We say that f(z) has widely spaced zeros if the zeros {a ό } are all simple and I a, I ^ a = 5, | a n+ί | ^ a n | a n \ (n = 1, 2, 3, . .) .
Using this definition we prove THEOREM are of bounded index. As a contribution to Π(b), Pugh [7] has shown that the sum of two functions of bounded index need not be of bounded index. Our second result clarifies one aspect of Question I(c 
Choosing f(z) to be of bounded index, we see that it is always possible to find functions of unbounded index with the same asymptotic behavior as f(z).
The authors gratefully acknowledge the help of Professor Albert Edrei who suggested the class of functions with widely spaced zeros, and indicated the connection between Theorem 2 and the results of [2] . Then
Proof. In § § 1-3, we shall write 1. In particular by the definition of widely spaced zeros we have n ^ n 25 , ^ ox (1.5) (1.6) I g,(z) I ^I α. +1 I 26
>2 («• ^ 2) .
For h n {z) we have^
( 1.7) Now in the disc (1.8) gr n (2) has n poles, and, by the theorem of Gauss-Lucas [10, p. 6] , exactly (n -1) zeros. The function h n {z) is regular in the disc (1.8) , and by (1.6) and (1.7) \g n {z)\>\K{z)
Hence, by Eouche's theorem
has exactly (n -1) zeros in the disc (1.8).
We have thus proved we have^ (I a n+1 1 -7 I a n I)-1 + (1.1)(| a n+2 | -7 | a n \)~ι (7 I a n I + I a, I)" 1 < | flr Λ (s) | .
Again by Rouche's theorem f'(z)/f(z) has exactly (n -1) zeros in any disc with center at the origin and a radius r satisfying (1.10). Hence I δ-i l< 7 I a J (rc ^ 2) , and letting 7 -> 1 +, we obtain (1.11) I 6 n _! I ^ I a n I (w ^ 2) .
The second of the inequalities (1.2) also follows from (1.11).
We In order to verify (1.13) notice that (1.12) and the definition of widely spaced zeros imply
This completes the proof of Lemma 1.
LEMMA 2. If f(z) has widely spaced zeros all the derivatives f'(z),f"(z), "
have the same property.
Proof. It is sufficient to prove that if f(z) has widely spaced zeros, the zeros of f'(z) are also widely spaced. By (1.2) <1.14) 9.801 <: c I cii I < I δ x 1 .
By (1.1) and (1. \z -a n
Combining (2.6), (2.8), (2.9) and (2.10), we find, for n ^ 2,
It is easily seen that (2.11) holds for n = 1 also and that (2.11) implies (2.3). Hence the lemma is proved. By (2.12), (2.13), and (2.14) we have, for n( Let f(z) be a given entire, nonrational function of finite order. A theorem of Edrei and Fuchs [2; p. 384 and p. 390, formula (3.5) ] asserts the existence of an entire function h(z) such that h(0) = 1 and
We take g(z) to be of the form
The quantities d d are positive and satisfy the following conditions:
Since f(z) is not rational logM(^,/)_^ + oo (ί _ + co) logί and hence it is possible to satisfy condition (ii).
Putting we see that
Hence, if By (4.6), (i) and (4.5) (4.8) 49 ^ 1 + -r n(t) k By (4.6), (ii), (4.5) and (4.4) n(t) log ί < log Λf(ί, /){. and to remark that #(2) cannot be of bounded index because it has zeros of arbitrarily high multiplicity. The relation (4.10) follows readily from the identity [1, p. 48] t(t + r) which, in view of (4.7), (4.8) and (4.9), leads to log M(r, P) < n(r) log r + r Γ ^^ + r f ~ £~3 
Jr2
= o(logΛΓ(r,/)) (r-+oo) .
